The Stern-Gerlach experiment has played a central role in the discovery of spin angular momentum. It can also play a pivotal role in teaching the formalism of quantum mechanics using a concrete example involving a finite-dimensional Hilbert space. Using this context, students can learn about how to prepare a specific quantum state starting from an arbitrary state, issues related to the time evolution of the wave function, and quantum measurement. It can also be exploited to teach students about the distinction between the physical space where one performs the experiment and the Hilbert space where the state of the system lies and how the information about the state of the system in the Hilbert space can be exploited to interpret the possible outcomes of the experiment in the physical space. Students can learn the advantages of choosing an appropriate basis to make suitable predictions about the outcomes of experiments with different arrangements of Stern-Gerlach devices. This experiment can also help students understand that an ensemble of identically prepared systems, e.g., one in a linear superposition of two stationary states, is not the same as a mixture, e.g., in which half of the systems are in one stationary state and the other half are in the other stationary state. Here, we discuss investigation of students' difficulties about the Stern-Gerlach experiment by giving written tests and interviewing advanced undergraduate and graduate students in quantum mechanics courses. We also discuss preliminary data from two quantum mechanics courses that suggest that a Quantum Interactive Learning Tutorial (QuILT) related to the Stern-Gerlach experiment is helpful in improving students' understanding of these concepts.
Introduction
Learning quantum mechanics is challenging [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] . Investigation of students' difficulties in learning quantum mechanics is a stepping stone to developing strategies to improve student understanding [2, 3, 5, 6, 8, 12, 13, 14, 15] . In this paper, our goal is to discuss two related issues: (1) investigation of students' difficulties related to the Stern-Gerlach experiment (SGE) and (2) the development and evaluation of a research-based Quantum Interactive Learning Tutorial (QuILT) [16, 17, 18, 19, 20] that strives to help students learn about foundational issues in quantum mechanics via the Stern-Gerlach experiment. [21, 22, 23, 24, 25, 26] In the SGE, a particle with mass, spin and/or orbital angular momentum (a particle with a magnetic dipole moment) is sent through a Stern-Gerlach Apparatus (SGA) with a non-uniform magnetic field. With an appropriate gradient of the external magnetic field, different components of the angular momentum in the wave function can be spatially separated by coupling them with different linear momenta. By using suitable measurement devices (e.g., detectors at appropriate locations in the path of the beam), we can use the SGE to prepare a quantum state which is different from the initial state before the particle entered the SGA. The knowledge deficiencies related to the SGE discussed in the next section can be broadly divided into three levels with increased difficulty in overcoming it: (I) lack of knowledge of relevant concepts, (II) knowledge that cannot be interpreted correctly, (III) knowledge that is interpreted at the basic level but cannot be used to draw inferences in specific situations. [16] The SGE QuILT is based upon research on students' difficulties in learning quantum mechanics. It strives to build on students' prior knowledge, actively engages them in the learning process and helps them build links between the abstract formalism and conceptual aspects of quantum physics without compromising the technical content. The QuILT uses a guided inquiry method of learning and the various sections build on what the students did in the previous sections to help them develop a robust knowledge structure. As students progress through the QuILT, they first make predictions about what should happen in various situations and then they are given guidance and support to reason through the situations appropriately and assimmilate and accommodate productive ideas into their knowledge structure. [27] The SGE QuILT creates an active learning environment in which students will directly confront their misconceptions. At various stages of concept development, the SGE QuILT often exploits computer-based visualization tools. Often these tools cause a cognitive conflict if students' initial prediction and their observations do not match. In that case, students themselves realize that there is some inconsistency in their reasoning. Then, providing students appropriate guidance and support via the guided inquiry approach used in the QuILT is an effective strategy to help them build a robust knowledge structure.
Investigation of Students' difficulties
The investigation of difficulties was carried out by administering written surveys to more than two hundred physics graduate students and advanced undergraduate students enrolled in quantum mechanics courses and by conducting individual interviews with a subset of students. The individual interviews were carried out using a think-aloud protocol [28] to better understand the rationale for their responses before, during and after the development of different versions of the SGE QuILT and the corresponding pre-test and post-test. During the semi-structured interviews, students were asked to verbalize their thought processes while they answered questions either as separate questions before the preliminary version of the QuILT was developed or as a part of the QuILT. Students were not interrupted unless they remained quiet for a while. In the end, we asked them for clarification of the issues they had not made clear earlier. Some of these interviews involved asking students to predict what should happen in a particular situation, having them observe what happens in a simulation, and asking them to reconcile the differences between their prediction and observation. After each individual interview with a particular version of the QuILT (along with the pre-test and post-test administered), modifications were made based upon the feedback obtained from students' performance on the QuILT (if students got stuck at a particular point and could not make progress from one question to the next with the hints already provided, suitable modifications were made), the pre-test and the post-test.
Difficulty in Distinguishing between the Physical Space and Hilbert Space
Using quantum theory, one can interpret the outcome of experiments performed, e.g., in three dimensional (3D) laboratory or physical space by making connection with an abstract Hilbert space (state space) in which the state of the quantum system or wavefunction lies. The physical observables that one measures in the laboratory correspond to Hermitian operators in the Hilbert space whose eigenstates span the Hilbert space. Knowing the initial wavefunction and the Hamiltonian of the system allows one to determine the time-evolution of the wavefunction unambiguously and the measurement postulate can be used to determine the possible outcomes of individual measurements of an observable and their ensemble averages (expectation values).
It is difficult for many students to distinguish between vectors in the 3D laboratory space and states in Hilbert space. For example, S x , S y and S z denote the orthogonal components of the spin angular momentum vector of an electron in the 3D space, each of which is a physical observable that can be measured in the laboratory. However, the Hilbert space corresponding to the spin degree of freedom for a spin-1/2 particle is two dimensional (2D). In this Hilbert space,Ŝ x ,Ŝ y andŜ z are operators whose eigenstates span the 2D space. Thus, the eigenstates ofŜ x are vectors which span the 2D space and are orthogonal to each other (but not orthogonal to the eigenstates ofŜ y orŜ z ). If the electron is in a magnetic field with the field gradient in the z direction in the laboratory (3D space) as in the Stern-Gerlach experiment, the magnetic field is a vector field in the 3D space but not in the 2D Hilbert space. It does not make sense to compare vectors in the 3D space with the vectors in the 2D space as in statements such as "the magnetic field gradient is perpendicular to the eigenstates ofŜ x ". In fact, even L = 1 orbital angular momentum states, which are vectors in a 3D Hilbert space, are different from the 3D laboratory space. Unfortunately, these distinctions are difficult for students to make and such difficulties were frequently observed in response to the survey questions and during the individual interviews. These difficulties are discussed below in the context of the Stern-Gerlach experiment. Two questions we have asked the first year physics graduate students and advanced undergraduate students for several years related to the SGE in written tests and interviews are questions (1) and (2) in the Appendix. In one version of these questions, neutral silver atoms were replaced with electrons and students were told to ignore the Lorentz force on the electron.
Difficulty in Determining the
In question (1) in the Appendix, students have to realize that the magnetic field gradient in the −z direction would impart a spin-dependent momentum to the particle and one should observe two spots on the phosphor screen owing to the splitting of the beam along the z direction due to the particle's spin components corresponding to the | ↑ z and | ↓ z states. All responses in which students noted that there will be a splitting along the z direction were considered correct even if they did not explain their reasoning. Only 41% of the more than 200 graduate students from different universities enrolled in a quantum mechanics course provided the correct response. These students were given this question as a part of a survey at the beginning of graduate level quantum mechanics instruction. Many students thought that there will only be a single spot on the phosphor screen. During the interviews conducted with a subset of students, they were often confused about the origin of the spin-dependent momentum imparted to the particle. The same question was given to 35 undergraduate students in two different classes immediately after instruction in SGE. These students obtained 80% on this question which is significantly better than the performance of the graduate students before instruction in the graduate-level course. It appears that many of the first year graduate students enrolled in the graduate level quantum mechanics course who took the survey had forgotten about the SGE. Moreover, discussions with some of the graduate students suggests that they had learned it only in the context of a modern physics course which was qualitative.
Question (2) in the Appendix is challenging because students have to realize that since the magnetic field gradient is in the −x direction, the basis must be chosen to be the eigenstates of S x to readily analyze how the SGA will affect the spin state. Here, the initial state, which is an eigenstate ofŜ z , | ↑ z , can be written as a linear superposition of the eigenstates ofŜ x , i.e.,
The magnetic field gradient in the −x direction will couple the | ↑ x and | ↓ x components in the incoming spin state | ↑ z with oppositely directed x−components of the linear momentum and will cause two spots on the phosphor screen separated along the x axis.
Only 23% of the more than 200 graduate students in a survey at the beginning of instruction provided the correct response. The performance of 35 undergraduate students from two different classes who were given this question immediately after traditional instruction in SGE was only somewhat better (39%). Some undergraduate and graduate students were interviewed individually to better understand the reasoning behind their response. In some of these interviews, we asked students to predict the outcome of these experiments and then showed them what actually happens in a simulation and asked them to reconcile the differences between the observation and prediction. This task turned out to be extremely difficult for students. The most common difficulty in Question (2) was assuming that since the spin state is | ↑ z , there should not be any splitting as shown in Figure 1 .
Many students explained their reasoning by claiming that since the magnetic field gradient is in the −x direction but the spin state is along the z direction, they are orthogonal to each other, and therefore, there cannot be any splitting of the beam. Student responses suggest that they were incorrectly connecting the gradient of the magnetic field in the 3D space with the "direction" of state vectors in the Hilbert space. Several students in question (2) drew a monotonically increasing function. Some of them incorrectly believed that the spin state in this situation will get pulled in one direction because the magnetic field gradient is in a certain direction (see Figure 2 ). Asking the interviewed students explicitly about whether they could consider a basis that may be more appropriate to analyze this problem was rarely helpful.
One student drew the diagram shown in Figure 3 and described Larmor precession of spin but did not mention anything about the spin-dependent momentum imparted to the particle due to the non-uniform magnetic field as in the SGE. Written responses and interviews suggest that many students were unclear about the fact that in a uniform external magnetic field, the spin will only precess (if not in a stationary state) but in a non-uniform magnetic field as in the SGE, there will be a spin-dependent momentum imparted to the particle that may spatially separate the components of the spin angular momentum in the wave function under suitable conditions.
Larmor Precession of Spin involves Precession in Physical Space
We note that the student who drew Figure 3 incorrectly believed that spin is due to motion in real space. When he was reminded that the question was not about the dynamics (as suggested by the arrows drawn by the student to show the direction of precession) but about the pattern observed on the screen, he incorrectly claimed that the pattern on the screen would be a circle due to the precession of the spin in the magnetic field. Similar to the difficulty of this student, we have found that many students have difficulty realizing that spin is not an orbital degree of freedom and we see two spots on the screen in questions (1) and (2) in the Appendix related to the SGE because of the coupling of the spin degree of freedom with the orbital degree of freedom (e.g., the linear momentum).
Difficulty with State Preparation
The preparation of a specific quantum state may be challenging to achieve in the laboratory but it is relatively easy to conceptualize theoretically at least in a 2D Hilbert space with SGE. We find that the students have difficulty with the preparation of a specific quantum state even in a 2D Hilbert space. Students were asked questions related to state preparation using SGA in both written tests and interviews, e.g., question (8) in the Appendix.
A possible correct response would be to pass the initial beam through a SGA with a magnetic field gradient in the x or y direction and block one component of the spatially separated beam that comes out of the SGA before passing it through another SGA with its field gradient in the z direction. One can then block the | ↑ z component with a detector and obtain a beam in the spin state | ↓ z .
Out of 17 first year graduate students enrolled in quantum mechanics who had instruction in SGE, 82% provided the correct response to question (8) in the Appendix. However, only 30% of undergraduate students after traditional instruction provided the correct response. Interviews suggest that students had great difficulty thinking about how to choose an appropriate basis to facilitate the analysis of what should happen after particles in a given spin state were sent through a SGA with a particular magnetic field gradient.
Difficulty in Differentiating Between a Superposition and a Mixture
We also asked students to think of a strategy to distinguish between a superposition in which all particles are in state (| ↑ z + | ↓ z )/ √ 2 from a mixture in which half of the particles are in state | ↑ z and the other half are in state | ↓ z as in question (9) in the Appendix.
This question was very difficult for most students. One strategy for distinguishing between the superposition and the mixture given is to pass each of them one at a time through a SGA with the field gradient in −x direction. Then, since (| ↑ z + | ↓ z )/ √ 2 is | ↑ x , it will completely go out through the upper-channel after passing through a SGA with a negative x gradient (SGX − ). On the other hand, the equal mixture of | ↑ z and | ↓ z will have an equal probability of registering at the detectors in the lower and upper channels after the SGX − because these states can be written as (| ↑ x ± | ↓ x )/ √ 2 in terms of the eigenstates ofŜ x and will become spatially separated after passing through the SGX − .
Out of 17 first year graduate students enrolled in quantum mechanics who had instruction in SGE only 24% provided the correct response to this question. In an undergraduate course in which the instructor had discussed similar problems with students before giving them this question, 31% provided the correct response after the traditional instruction. One student incorrectly noted: "Since the probability for an atom in the beam A to be in either state | ↑ z or | ↓ z is 1/2, I can't distinguish it from B." Another incorrect response emphasized differences in coupling of the spin angular momentum with the linear momentum: "The atoms in beam A will have their spin coupled to the z-component of their momentum. The other beams' atoms, however, will not have P z coupled to S z ." Some students who believed that it is possible to separate a mixture from a superposition state using SGA provided incorrect reasoning. Figure 4 provides two such examples in which students first let each of the beams pass through a SGA with a magnetic field gradient in the z direction.
SGE QuILT: Warm-up and Homework
As discussed in the introductory section, the SGE QuILT builds on the prior knowledge of students and was developed based on the difficulties found via written surveys and interviews. The QuILT development went through a cyclical iterative process which includes the following stages: (1) Development of the preliminary version based upon theoretical analysis of the underlying knowledge structure and research on students' difficulties, (2) Implementation and evaluation of the QuILT by administering it individually to students, measuring its impact on student learning and assessing what difficulties remained, (3) refinement and modification based upon the feedback from the implementation and evaluation. When we found that the QuILT was working well in individual administration and the post-test performance was significantly improved compared to the pre-test performance, it was administered in quantum mechanics classes.
The SGE QuILT begins with a warm-up exercise and includes homework questions that students work on before and after working on the QuILT, respectively. The warm-up exercise discusses preliminary issues such as why there is only a torque on the magnetic dipole in a uniform magnetic field but also a "force" in a non-uniform magnetic field (or more precisely, a momentum is imparted to the particle due to its angular momentum as in the SGE). It also helps students understand that the divergence of the magnetic field being zero according to the Maxwell's equation implies that the gradient of the magnetic field cannot be non-zero only in one direction and if we choose the gradient to be non-zero in two orthogonal directions and also apply a strong uniform magnetic field in one of those directions, the rapid Larmor precession will make the average force in one of the directions zero. That way we can only focus on the magnetic field gradient in a particular direction for determining its effect on the spin state after passing through the SGE.
The warm-up exercise also discusses how the overall wavefunction of the quantum system includes both the spatial and spin parts of the wavefunction. For simplicity, students are asked to assume that before passing through a Stern Gerlach device with the field gradient in the z direction (SGZ) at time t = 0, the spatial wave function ψ(x, y, z) is a Gaussian localized near (x, y, z) = (0, 0, 0) and the spatial and spin parts of the wave function are not entangled. Therefore, the overall wave function which includes both the spatial and spin parts can be written as Ψ(t = 0) = (orbital part) × (spin part), i.e., Ψ(t = 0) = ψ(x, y, z)|χ . Students are guided via a series of questions including the following:
• A silver atom in the state Ψ(t = 0) = ψ(x, y, z)(a| ↑ z + b| ↓ z ) passes through a SGZ with a non-uniform magnetic field B = C 0 zk from time t = 0 to t = T . Which one of the following is the wave function at a time t = T when the atom just exits the magnetic field? Assume that the atom is in the SGZ for a short time so that there is no change in the x, y, z coordinates. (Hint: The time development of each stationary state is via an appropriate term of the type e
Students further learn that in the wavefunction at time T , Ψ(T ) = aφ + | ↑ z + bφ − | ↓ z the spatial and spin parts of the wave functions are "entangled" because spin and orbit cannot be factorized (i.e., cannot be written in the form Ψ(T ) = ψ(x, y, z)|χ ). Thus, measurement of the orbital degrees of freedom is linked to spin and vice versa. Students are told that in the future discussion in the QuILT, the spatial part of the wave function ψ(x, y, z) will not be mentioned explicitly. However, they should understand that a SGA entangles the spatial and spin parts of the wave function.
The warm-up helps students understand how the coupling of the orbital and spin degrees of freedom causes the spatial separation of various spin components of the wave function. In the warm-up, students also learn that while the different components of spin may get spatially separated after passing through a SGA, the wave function will remain in a superposition of different spin states until a measurement is made, e.g., by placing a detector in an appropriate location. For example, the wave function for a spin-1/2 particle can become spatially separated after passing through certain orientations of SGA and if a detector placed after the SGA at an appropriate location detects a particle (clicks), the wave function collapses to one state vs. when the detector does not click (in which case we have prepared the particles in a definite spin state).
In the SGE QuILT warm-up, students also learn about issues related to distinguishing between vectors in three-dimensional physical space and state vectors in Hilbert space. In this context, they learn that the magnetic field gradient in the z direction is not perpendicular to a spin state in the Hilbert space, a common misconception among students. Students also learn about why choosing a particular basis is useful when analyzing particles going through a SGA with a particular magnetic field gradient. The SGE QuILT warm-up also helps clarify confusion about the x, y and z labels used to denote the orthogonal components of a vector, e.g., in classical mechanics, and the eigenstates of different components of spin operator (Ŝ x ,Ŝ y andŜ z ) which are not orthogonal to each other.
The SGE QuILT homework extends what students have learned in the tutorial and also focuses further on issues related to quantum measurement and state preparation via SGE. One common difficulty about SGE is that students often believe that a particle passing through a SGE is equivalent to the measurement of particle's spin angular momentum. These issues are clarified in the SGE QuILT homework.
SGE QuILT
As noted earlier, the SGE QuILT uses a guided inquiry-based approach in which various concepts build on each other gradually. It employs visualization tools to help students build a physical intuition about concepts related to the SGE. The Open Source Physics SPINS program [29] was adapted as needed for the SGE QuILT which extends David McIntyre's open source Java applet [30] by allowing simulated experiments to be stored and run easily. One effective strategy to help students build a robust knowledge structure is by causing a cognitive conflict in students' minds such that the students themselves realize that there is some inconsistency in their reasoning and then providing them appropriate guidance and support. In the SGE QuILT, after predicting what they expect in various situations, students are asked to check their predictions using simulations. If the prediction and observations don't match, students reach a state of cognitive conflict. At that point the QuILT provides them guidance to help build a good grasp of relevant concepts and reconcile the difference between their predictions and observations.
As noted earlier, the SGE QuILT helps students learn about issues related to measurement, preparation of a desired quantum state, e.g., | ↑ x , starting with an arbitrary initial state, timedevelopment of the wave function, the difference between superposition and mixture, the difference between physical space and Hilbert space, the importance of choosing an appropriate basis to analyze what should happen in a particular situation, etc. Figure 6 shows a simulation constructed from the OSP SPINS [29] program that students work with after their initial prediction related to a question that shows that one can input | ↑ z and obtain | ↓ z . Students again have to reconcile the difference between their prediction and observation with suitable hints.
In order to help students understand that it is possible to input | ↑ z through the SGAs and prepare an orthogonal state | ↓ z on the way out, the QuILT also draws an analogy with the photon polarization states. Students learn that if atoms in the state | ↑ z pass through a SGZ only, the state | ↓ z will not be obtained on the way out. However, | ↓ z is obtained in the simulated experiment in Figure 6 because we have inserted SGX − (a SGA with the field gradient in the negative x-direction) at an intermediate stage. Students consider the analogy with vertically polarized light passing directly through a horizontal polarizer (Figure 7 a) vs. passing first through a polarizer at 45 0 followed by a horizontal polarizer (Figure 7 b) . There is no light at the output if vertically polarized light passes directly through a horizontal polarizer. On the other hand, if the polarizer at 45 0 is present, light becomes polarized at 45 0 after the 45 0 polarizer, which is a linear superposition of horizontal and vertical polarization. Therefore, some light comes out through the horizontal polarizer placed after the 45 0 polarizer. Since the experiment with the polarizers (in the context of a photon beam not a single photon) is familiar to students from introductory physics, this analogy can help students learn about the SGE using a familiar context. While working through the QuILT, students are asked a guided sequence of questions to help them distinguish between superposition and mixture. The QuILT presents a common incorrect point of view on the issue dealing with superposition and mixture. Then, the students are given an opportunity to check their predictions using computer simulations and reconcile the differences using more guidance and support as needed. Further questions are given to students to help them understand the difference between a pure state and a mixture by reinforcing the analogy between the spin states of electrons and the polarization states of photons. The guidance provided to students is decreased as students make progress through the QuILT. In the later part of the QuILT, students are given open-ended questions such as the following:
The following questions relate to the simulation "Unknown State". Run the simulation "Unknown State" first. Then, answer the following questions.
• Write down at least 3 different possible spin states of the incoming particles that will show the behavior seen in the simulation. The incoming particles need not necessarily have identical spin states (can be a mixture). Explain your reasoning for your choices.
• Choose two of the different possible spin states you predicted for the simulation you saw. Now come up with some simulations using SGAs that would distinguish between these two possible spin states. You can choose one or more SGAs to find out which of the two spin states it is. Share your set-up with others in your class.
Pre-test and post-test data for SGE QuILT
We conducted preliminary evaluations of the SGE QuILT in two junior-senior level classes, first with 22 and second with 13 undergraduate students. The two classes were taught by different instructors. In both classes, students first received traditional instruction about the SGE, took a pre-test, worked on the tutorial and then took a post-test in the following class period. The test questions are given in the Appendix. In particular, the first class with 22 students was given questions (1)-(4) in the pre-test and questions (5)- (7) on the post-test. The average pre-test score for this class was 53% and the average post-test score was 92%.
For the second class, we designed two versions of a test (versions A and B) to assess student learning. Version A contained questions (1), (2) , (3), (4) and (9) while version B had questions (1), (2), (5), (6) ,and (7) (see the Appendix for a description of all the questions). Students in the second class were randomly administered either version A or version B of the test as the pre-test after the traditional instruction. Then, each student was administered the version of the test he/she had not taken as the post-test after working on the QuILT. In particular, 8 students in that class were administered version A as pre-test (and version B as the post-test) whereas the other 8 students were given version B as the pre-test (and version A as the post-test). The average pre-test score for this second class was 37% and the average post-test score was 84%. The average pre-test and post-test performance on each question combining the two groups of students is given in Table 1 . Except for Question (1), on which students performed reasonably well even on the pre-test (after traditional instruction), student performance improved on all the other questions after working on the QuILT.
In Table 1 , the improved performance on question (2) (in which students were asked about the pattern on the screen when neutral silver atoms in the spin state | ↑ z were sent through a SGX − ) after the QuILT suggests that students were much more likely to be able to predict the type of pattern that should form on the screen when particles in a particular spin-state pass through a SGA with a particular field gradient. Individual discussions with some students suggest that after the QuILT students had a reasonably good understanding of how to choose a good basis to analyze the spin state of a particle passing through a SGA with a particular field gradient. Some of them were not only able to write the initial spin state in an appropriate basis, they were able to differentiate between the spin states which are vectors in the Hilbert space and the direction of the magnetic field gradient in the physical space because these are vectors in different spaces. In particular, during the discussions, some students correctly noted explicitly that the eigenstates of the z-component of spin are orthogonal to each other but not orthogonal to the magnetic field gradient in the z direction in physical space. In question (3), many students realized after the QuILT that the given superposition of the eigenstates of the z-component of spin is actually an eigenstate of the x-component of spin. Student performance after the QuILT on question (7) (in which the incoming state was a general state) further suggests that they had a better understanding of how to choose a convenient basis to analyse the output of a SGA than before the QuILT. Students also performed reasonably well after the QuILT on questions where the particle went through several SGAs in tandem (e.g., quetions (4) and (6)). The improved performance on questions (5) and (9) (in which question (9) was open-ended) suggest that students had a better understanding of how a superposition of spin states and a mixture can be differentiated using SGAs. Furthermore, the improvement in the open-ended question about the preparation of a particular spin state starting from another spin-state using a SGA in question (8) is encouraging.
In addition to the pre-test and post-test, students who had used the SGE QuILT were asked the following two questions after five months in the second semester junior-senior level undergraduate quantum mechanics course. The goal was to investigate whether students can distinguish the two situations, one of which involves a superposition and another a mixture when the magnetic field gradient was explicitly provided (this question is somewhat different from question (8) on the post-test given to students five months ago in which students had to come up with their own arrangement of the SGAs): Eight out of nine undergraduate students who answered these two questions at the end of the second semester provided the correct response for both questions. It is encouraging that the students had retained these concepts a full semester after working on the QuILT.
Summary
We have investigated students' difficulties in quantum mechanics via the SGE and used the findings as a guide to develop a SGE QuILT. The Stern-Gerlach experiment can be used to teach many aspects of quantum mechanics effectively including issues related to measurement, importance of choosing a particular basis, differentiation between Hilbert space and real space, and the difference between a pure linear superposition of states vs. a mixture. Preliminary evaluation suggests that the QuILT is effective in improving students' understanding of concepts related to SGE.
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[28] M. Chi, "Thinking Aloud," in The Think The pre-test (after traditional instruction but before the QuILT) and post-test (after the QuILT) scores on each question. The total number of students including both classes who answered each question is given in parenthesis. Each student in a class of 22 students was given the same pre-test (similarly, all the 22 students received the same post-test). The pre-test and post-test were mixed for the second class of 13 students as discussed in the text (in particular, 5 students out of 13 answered as post-test questions what the other 8 students answered as pre-test questions). 
